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A NOTE ON PSEUDO-POLYNOMIALS DIVISIBLE ONLY BY A SPARSE
SET OF PRIMES
VIVIAN KUPERBERG
Abstract. For certain arbitrarily sparse sets R, we construct pseudo-polynomials f with
p|f(n) for some n only if p ∈ R. This implies that not all pseudo-polynomials satisfy an
assumption of a recent paper of Kowalski and Soundararajan.
1. Introduction
In Kowalski and Soundararajan’s recent paper [2], they show equidistribution of certain
subsets of R/Z. In their setting, for each prime p they fix a set Ap of residue classes modulo
p, which they then use to construct subsets of R/Z. In establishing their Theorem 1.2, they
impose the following assumption on the input sets Ap, with ̺(p) = |Ap|.
Assumption 1.1 ([2]). There exist constants α > 0 and x0 ≥ 2 such that for all x ≥ x0,
∑
p≤x
̺(p)≥1
log p ≥ αx.
If f ∈ Z[X ] is a polynomial with at least two distinct complex roots and Ap is the set of
roots of f modulo p, then by the Chebotarev density theorem, the sets Ap satisfy Assumption
1.1. Kowalski and Soundararajan discuss generalizing this example to pseudo-polynomials,
defined by Hall in [1].
Definition 1.2. A pseudo-polynomial is a function f : N → Z such that for all m,n ∈ N,
|m− n| divides f(m)− f(n).
Alternatively, for every modulus q, the reduction of f mod q is q-periodic. Any poly-
nomial f ∈ Z[X ] will also be a pseudo-polynomial, but Hall in [1] showed that there are
uncountably many other examples. Two natural examples to consider are f1(n) = ⌊en!⌋ and
f2(n) = (−1)
nD(n) = 1−n+ n(n−1)
2
+ · · ·+(−1)n n!
2
, with D(n) the number of permutations
on n elements with no fixed points.
We will say that a pseudo-polynomial f satisfies Assumption 1.1 if for Ap = {n mod p :
f(n) ≡ 0 mod p}, the sets Ap satisfy Assumption 1.1. Kowalski and Soundararajan provide
numerical evidence that f1 and f2 satisfy Assumption 1.1, and wondered if the same is true
of all pseudo-polynomials. We will construct an uncountable family of pseudo-polynomials
that do not satisfy Assumption 1.1. Our construction is as follows:
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Theorem 1.3. Let b : N → N be any function. There exists a pair (R, f), where R = {rk}k∈N
is a set of primes such that rk > b(k) for all k, and f : N → Z is a pseudo-polynomial such
that for all n and for all primes r, r|f(n) only if r ∈ R.
If b grows sufficiently quickly, f will not satisfy Assumption 1.1. For example, let b(n) = 3n,
let A and f be as constructed in the proposition, and as in [2] we take ̺(p) = #{n ∈ Z/pZ :
f(n) ≡ 0 mod p}, or the number of roots of f mod p. Crucially, ̺(p) ≥ 1 only if p ∈ R.
Thus ∑
p≤x
̺(p)≥1
log p <
∑
b(n)<x
log b(n) <
∑
n<logx
log 3n = log 3
∑
n<logx
n≪ (log x)2,
so Assumption 1.1 is not satisfied.
Remark 1.4. The construction in Theorem 1.3 can be modified to construct pseudo-
polynomials f that satisfy Assumption 1.1, but for which ̺(p) ≥ 2 very rarely. This can be
done by considering two disjoint sets of primes R and S, with R extremely sparse. Then, one
can specify that f has exactly one root modulo p for p ∈ S, and construct f very analogously
using primes in R. For these pseudo-polynomials, the Theorem 1.2 of [2] would apply, but
its conclusion is fairly weak.
2. Proof of Theorem 1.3
Proof. Our strategy will be as follows. We construct f by inductively picking values for
f(n) such that for all m < n, n −m divides f(n) − f(m). If for every Q ∈ N, R contains
an element of every reduced congruence class modulo Q, then we can guarantee that the
constraints for f(n) are satisfiable by an element of R.
We begin by constructing R = {rk}k∈N. Let G =
⊔
n≥2(Z/nZ)
× be the disjoint union of
the set of reduced classes modulo n. Our goal is to construct R by replacing each element
of G with a sufficiently large prime in the same congruence class.
The set G is countable, so we can enumerate it as G = {gk}k∈N. Define n(gk) so that
gk ∈ (Z/n(gk)Z)
×, i.e. recording the n with gk ∈ (Z/nZ)
×. Now, for each k ∈ N, there
are infinitely many primes r ≡ gk (mod n(gk)). We set rk to be a prime with rk ≡ gk
(mod n(gk)) and such that rk > b(k). Note that R = {rk}k∈N satisfies the condition that
rk > b(k), but moreover R can be decomposed as a disjoint union R =
⊔
n≥2Rn, where each
Rn is a set of representatives of (Z/nZ)
×.
Now we will construct f inductively. Set f(0) = r0 and f(1) = r1. Assume that f(m) has
been defined for all m < n; we will choose f(n) so that (n−m)|(f(n)− f(m)) for all m < n.
For each prime p ≤ n, let qp be the largest power of p with qp ≤ n. Consider the equations
f(n) ≡ f(n− qp) (mod qp) ∀p ≤ n.
Let Q =
∏
p≤n qp. By the Chinese Remainder theorem, there exists y ∈ N with y < Q so
that this system of equations is satisfied if and only if
f(n) ≡ y (mod Q).
We can decompose y as y = y1y2, where (y1, Q) = 1 and if a prime l|y2 then l|Q, so that y1
is the relatively-prime-to-Q portion of y and y2 shares all of its prime factors with Q. Since
2
(y1, Q) = 1, y1 ∈ (Z/QZ)
×. By construction, RQ contains a representative of each reduced
class modulo Q, so there exists some z1 ≡ y1 (mod Q) with z1 ∈ RQ.
Meanwhile, if a prime l|y2, then l|(y,Q). Thus for some p ≤ n, l divides (f(n − qp), qp).
By our induction hypothesis, this implies that l ∈ R. Thus y2 is a product of elements of R.
We now set f(n) = z1 · y2, which is then also a product of elements of R.
Finally, we check that n−m divides f(n)− f(m) for all m < n. Let m < n and let p be
a prime with pk||(n−m). As before, let qp be the largest power of p with qp ≤ n. Note that
pk divides qp, since p
k ≤ n −m ≤ n. By construction, f(n) ≡ f(n − qp) (mod qp). By the
inductive hypothesis,
f(m) ≡ f(m− (m− n+ qp)) (mod m− n+ qp),
and since pk|(m− n+ qp), this implies that f(m) ≡ f(n− qp) (mod p
k), as desired. 
References
1. R. R. Hall: On pseudo-polynomials, Mathematika 18 (1971), 71–77.
2. E. Kowalski and K. Soundararajan: Equidistribution from the Chinese Remainder Theorem.
arXiv:2003.12965, 2020.
Department of Mathematics, Stanford University, Stanford, CA, USA
E-mail address : viviank@stanford.edu
3
